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The Fundamentals of PINNs

Research by Karniadakis and potential future directions
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Consider the boundary value-problem

where       is some nonlinear differential operator. If we define

we can construct a neural network approximation to the solution by minimizing the loss function

For discrete         norm and initial condition data       . The derivatives in the loss function can be 
computed using automatic differentiation.       is the neural network.

PINN basics
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If we include boundary conditions regarding position in space, the loss function for the boundary 
values problem

becomes

PINN basics



We can enhance the loss function by enforcing constraints on the gradient of what we defined as
                          . In particular, suppose we have

with boundary conditions

by adding terms similar to (      denotes the set of points in which we have the derivatives)
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Gradient-enhanced PINNS



Here’s an example: consider the equation in two-dimensional spatial position

We can add the following terms to our loss function:
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Gradient-enhanced PINNS: example



We can break up our domain and run 
several neural networks simultaneously 
to learn the PDE: we learn the PDE over 
each domain, and we can “add up” the 
results to get a single solution.

Domain decomposition has the benefit 
of “parallelization capacity, large 
representation capacity, efficient 
hyperparameter tuning, and is 
particularly effective for multi-scale and 
multi-physics problems.”
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PINNs: domain decomposition



Our loss becomes

In essence, we break up our loss into four parts: the first two, we saw previously. 

We have a new, third loss term that minimizes the neural network solution along the averages of the 
two solutions along the boundary of the subdomains. The angled brackets denote averages.

The fourth loss term minimizes the differences between the function                           along the 
subdomains. The * notation denotes the separate neural network that trains along the neighboring 
subdomain. 
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PINNs: domain decomposition



There are two types of domain-decomposed PINNs:        cPINNs and XPINNs.

cPINNs exploit conservative properties, where continuity among the states as well as fluxes is 
conserved. cPINNs offer spatial decomposition only.

XPINNs offer both space and time decomposition. These help reduce computational cost for irregular 
geometry.

(Research more thoroughly which method is in general superior/more applicable. Do cPINNs need 
vector-valued solutions to conserve flux?).
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PINNs: domain decomposition



We can research PDEs of the form

where the integral is multiplicitous over a high-dimensional domain.      denotes an arbitrary functional. 
A solution is given by                                .

A general PINN loss function takes the form
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Future directions



We can use DeepONets to learn the integral operator. We saw DeepONets last week which takes an 
architecture of the form

We can construct either a stacked or unstacked DeepONet (recall last week). Recall DeepONets are 
effective for learning integral operators.
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Future directions



The particular equation we can investigate is the Boltzmann equation, taking the form

This PDE is traditionally very hard and costly to deduce numerically. Some questions: 
● What data would we need to learn the integral operator? We would like to do this with as limited 

information as possible.
● What boundary conditions are imposed on the PDE? Are there boundary conditions on both the 

space and momentum parameters? Do we need both (probably not)?
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Future directions



We can also apply techniques in harmonic analysis for benefits such as mesh-independence, etc.
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Future directions
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