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Neural Networks in Learning 
Nonlinear Operators

Previous experiences as well as an investigation into the papers, 

Fourier Neural Operator for Parametric Partial Differential Equations 

and 

Learning Nonlinear Operators via DeepONet Based on the Universal 
Approximation Theorem of Operators



● Consider learning the operator       as part of the equation

where                             are functions taking a spatial 
parameter, discretized over an equispaced mesh     .  

● Certainly a convolutional neural network (CNN) is
sufficient to learn such an operator, where a one-layered 
network with a 3x3 stencil can learn the five or nine-point 
Laplacian numerical scheme.

● We can fix the stencil weights beforehand and apply the
CNN to produce output without back-propagation. 
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Previous Experience: Learning the Laplacian



● We are now concerned with learning an operator from the equation

where                                    is a multivariate pdf satisfying the above equation, and a and D are 
drift and diffusion coefficients (constant functions). 

● In particular, a CNN                                               learns the operator

where a discrete Fokker-Planck solution        is mapped to            . In particular, we train on data 
with a fixed initial condition, and we train forward in time.
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●              - CNN parameters
●           - the CNN function
●    - grid of differential operator applied

     to a Fokker-Planck solution

Andrew Gracyk - University of Illinois at Urbana-Champaign, Statistics

Previous Experience: Learning the Fokker-Planck operator

We can use CNNs to learn more sophisticated operators based on how we design our loss 
function. For example, we can design a CNN to learn the vector field such that the loss

is minimized.

●             - grids of FKP solutions
●      - a closed cell created around the     

                 grid points with faces
●            - scaling constant
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Previous Experience: Learning the Fokker-Planck operator

Constraints:

● Can we extend the learned differential operator over meshes of arbitrary size and not 
fixed?

● Will the operator learned by the CNN be a sufficient approximation for different initial 
conditions? We may need to alternate the data trained here, instead of training on the 
data

for data forward in time with the same initial condition. 



Main results:
● Neural Operators (Neural-FEM methods) use ML to apply operators very quickly, 

mesh-independent, with only needing to be trained once, and with no knowledge of the 
underlying PDE needed.

Question:
● The paper claims, for a new instance of the “[functional] parameter,” the NN does not 

need to be re-trained. Why would the NN parameters change given constant 
architecture? Does it mean the PDE coefficients (i.e., Diffusion constants) (this seems 
unlikely)? It mostly likely refers to the input data (this data is referred to in the paper as a 
parameter).
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Fourier Neural Operator for Parametric Partial Differential Equations

We attempt to learn an operator by constructing a map                            by solving the 
loss-minimization problem 

for an appropriate cost function, where                  is random input to the PDE, and                       is 
true output.  

Architecture is defined iteratively 

Where the final layer is defined                            , where W and Q are (linear) transformations.

             Is a kernel integral transformation defined by

where                                               is a neural network (a new distinct NN?). 
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Fourier Neural Operator for Parametric Partial Differential Equations

By the convolution theorem, we employ the kernel operator

where we define        as the Fourier transform of periodic function      .                                             .

In particular, we define the operations and replace true Fourier transforms with fast Fourier 
transforms
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Fourier Neural Operator for Parametric Partial Differential Equations

The paper goes on to express its computational superiority for the Burgers’ equation, Darcy 
equation, and Navier-Stokes equation, for appropriate randomized input and a respective 
output to the PDE.

For example, for the Darcy equation,

we are interested in learning the mapping                .  
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Learning Nonlinear Operators via DeepONet Based on the Universal 
Approximation Theorem of Operators

The neural network architecture designed in this paper is representative of the following 
theorem: for appropriate choice of constants and functions, we can estimate any nonlinear 
operator sufficiently close to an approximation, i.e.,

where               denotes the true operator applied to function u evaluated at vector y in the 
domain of the output. Observe             is a real number, and so is u.
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In particular, our architecture, called DeepONets, is given by

Where                                                              and                                         are distinct “branch” 
and “trunk” neural networks (so we train more than one network simultaneously).

There are two types of DeepONets: stacked and unstacked. There are p branch neural networks 
in stacked, and a single branch network in unstacked. These can be deep neural networks, and 
beyond a single layer.

The paper generalizes the universal approximation theorem, making this architecture an apt 
choice.
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These types of neural networks have great capability of learning nonlinear operators, 
such as the following:

Example 1:

Example 2:

Example 3:
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Learning Nonlinear Operators via DeepONet Based on the Universal 
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Extensions

Can we construct neural network in such a way corresponding 
to the Stone-Weierstrass theorem? 

There are adaptations of the universal approximation theorem 
such that the integral of the p-norm is arbitrary small. Is this 
useful? Perhaps one can derive an instance of this theorem for 
KL-divergence when considering probability distributions being 
learned.
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